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ENDOSCOPIC LIFTING OF SIMPLE SUPERCUSPIDAL
REPRESENTATIONS OF UNRAMIFIED UN TO GLN
MASAO OI
Abstract. We compute the characters of simple supercuspidal representa-
tions of twisted GLN and unramified quasi-split unitary group UN over a
p-adic field. Comparing them by the endoscopic character relation, we de-
termine the endoscopic lifts of simple supercuspidal representations of UN to
GLN , under the assumption that p is not equal to 2.
1. Introduction
The purpose of this paper is to describe the local Langlands correspondence
explicitly for simple supercuspidal representations of unramified unitary groups.
Let us first recall the local Langlands correspondence for quasi-split classical
groups, which have been established by Arthur ([Art13]) and Mok ([Mok15]). LetG
be a quasi-split classical group (that is, a symplectic, special orthogonal, or unitary
group) over a p-adic field F . Let Π(G) be the set of equivalence classes of irreducible
smooth representations of G := G(F ), and Φ(G) the set of equivalence classes of
L-parameters of G. Here an L-parameter of G is an admissible homomorphism
from the Weil-Deligne group WF × SL2(C) to the L-group LG = “G ⋊WF of G.
Then the local Langlands correspondence for G gives a natural map from the set
Π(G) to the set Φ(G) with finite fibers (called L-packets).
Here recall that the naturality of this map is formulated by the theory of en-
doscopy. More precisely, we first note that G can be regarded as an endoscopic
group of ‹G = GLN (or a Weil restriction of GLN ) for some N . In particular, we
have an embedding from LG to LGLN . Therefore, for an L-parameter φ of G, we
can regard it as an L-parameter of ‹G. Thus φ defines L-packets of G and ‹G:
Π(‹G) ⊃ ΠG˜φ := (L-packet of ‹G for φ) ooLLC for G˜///o/o/o WF × SL2(C)
φ
%%❏
❏
❏
❏
❏
❏
❏
❏
❏
❏
❏
// L‹G
Π(G) ⊃ ΠGφ := (L-packet of G for φ)
ooLLC for G///o/o/o LG
?
OO
In this situation, the L-packet ΠG˜φ of
‹G is called the endoscopic lift of the L-
packet ΠGφ of G. Here we remark that the local Langlands correspondence for
‹G
have been established by Harris and Taylor ([HT01]), and in this case the map is
bijective (i.e., every L-packet is a singleton). Then, if φ is a tempered L-parameter,
ΠGφ and Π
G˜
φ satisfy the endoscopic character relation, which is an equality between
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the characters of representations belonging to ΠGφ and the twisted character of Π
G˜
φ .
This is the characterization of the local Langlands correspondence for G.
Our interest is to describe the local Langlands correspondence for G explicitly.
Then, from the above characterization of the correspondence, it is reduced to de-
scribing that for ‹G and determining the endoscopic liftings from G to ‹G. For this,
it is important to compute the characters of representations.
In our past paper [Oi16], in the case of (‹G,G) = (GL2n, SO2n+1), we consid-
ered this problem for simple supercuspidal representations, which are introduced in
[GR10] and [RY14]. These are supercuspidal representations having the minimal
positive depth, and have been studied by many people in the context of finding an
explicit description of the local Langlands correspondence. In particular, their L-
parameters have been described explicitly in the cases of general linear groups, by
the works of Bushnell–Henniart ([BH05]) and Imai–Tsushima ([IT15]). In [Oi16],
under the assumption that p is not equal to 2, we proved that a simple supercuspidal
representation of SO2n+1(F ) constitutes an L-packet and that its lift to GL2n(F )
is again simple supercuspidal, and determined it explicitly.
In this paper, under the same assumption that p is not equal to 2, we con-
sider this lifting problem for simple supercuspidal representations in the case of
(‹G,G) = (GN ,UN ). Here, GN is the Weil restriction ResE/F GLN of GLN from
the unramified quadratic extension E of F to F , and UN is the quasi-split unitary
group with respect to E/F in N variables. Then there exist two kinds of L-
embeddings {ξκ}κ∈{±1} from
LUN to
LGN (see Section 4.1 for the details). Hence
we can consider the endoscopic liftings from UN to GN via these two kinds of L-
embeddings. On the other hand, after making some choices (for example, fixing a
uniformizer of F ), we can parametrize the set of equivalence classes of simple su-
percuspidal representations of these groups explicitly. We denote the parametrizing
sets for them by SSC(GN ) and SSC(UN ) (see Sections 2.2 and 2.3 for the details).
Then our main theorem is stated as follows:
Theorem 1.1 (Theorem 5.13). We assume that p is not equal to 2. Let X ∈
SSC(UN ), and we consider the corresponding simple supercuspidal representation
πUNX of UN (F ).
(1) The L-packet of UN containing the simple supercuspidal representation π
UN
X
is a singleton. In particular, the character of πUNX is stable.
(2) The endoscopic lift of the simple supercuspidal representation πUNX of UN (F )
to GN (F ) via the L-embedding ξκ is again simple supercuspidal. Further-
more, we can describe the parameter Y ∈ SSC(GN ) corresponding to the
lifted simple supercuspidal representation of GN (F ) explicitly in terms of
X and κ.
We note that, by combining this result with a description of L-parameters of sim-
ple supercuspidal representations of general linear groups due to Bushnell–Henniart
and Imai–Tsushima, we get a complete description of the local Langlands corre-
spondence for simple supercuspidal representations of UN (F ).
We explain the outline of our proof. Our strategy is basically the same as in
[Oi16]. That is, we descend simple supercuspidal representations of GN (F ) instead
of lifting simple supercuspidal representations of UN (F ). In order to determine the
descended representations, we compute the endoscopic character relation explicitly.
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In principle, representations can be recovered from their character completely. How-
ever, it is not practical to compute their character at the all elements. Therefore
the key idea of our proof is to compute the characters only at “essential” elements.
Here we emphasize that the actual computations in the details of our arguments
(such as the characters of representations or the norm correspondence, which is a
correspondence between the stable conjugacy classes of ‹G and G appearing in the
endoscopic character relation) heavily depend on the individual groups ‹G and G.
Therefore we can not carry out such computations in a uniform way, and have to
investigate the structures of our groups GN and UN carefully.
We now explain each step of our proof more precisely. We first take a conjugate
self-dual simple supercuspidal representation πGNY of GN (F ). Then, from a prop-
erty of the local Langlands correspondence, its L-parameter is conjugate self-dual.
In particular, the L-parameter factors through ξκ for either κ = +1 or κ = −1.
To determine κ, we investigate the behavior of the twisted character of πGNY at
some special elements of GN (F ). By using the twisted character formula for su-
percuspidal representations, we write these character values explicitly in terms of
the Kloosterman sums. Combining the endoscopic character relation with prop-
erties of the Kloosterman sums, we can determine κ (Section 5.2). We note that
the arguments in this step are completely different from those of [Oi16]. In [Oi16],
in order to show that the L-parameter of a simple supercuspidal representation
of GL2n(F ) factors through the L-group of SO2n+1, we need Mieda’s result on
the parity of self-dual supercuspidal representations ([Mie16]), which is based on
geometric techniques.
Then we get the L-packet of UN , and know that this is a singleton consisting
of a supercuspidal representation πUN by a result of Mœglin ([Mœg07]). The next
step is to show that this unique representation πUN in the L-packet is simple su-
percuspidal. To prove this, we again use the endoscopic character relation. By the
endoscopic character relation, we can express the character of πUN in terms of the
twisted character of πGNY , which is already computed. From this, we can show that
πUN is either simple supercuspidal or depth-zero supercuspidal. To eliminate the
possibility that πUN is depth-zero supercuspidal, we next compute the character of
depth-zero supercuspidal representations, and compare them.
The final step is to determine the parameter X ∈ SSC(UN ) corresponding to the
representation πUN . However, by using several properties of Kloosterman sums, we
can easily do this. This completes the proof.
We finally comment on related works. We believe that our method is basically
valid for other representations of other groups as long as the endoscopic character
relation exists and we can compute it at “sufficiently” many elements. For example,
as mentioned above, we can determine the endoscopic lift of simple supercuspidal
representations of SO2n+1(F ) to GL2n(F ) by the same idea. However, for the
cases of symplectic group or unramified even orthogonal groups, the L-packets of
simple supercuspidal representations of these groups are not singleton. Therefore, in
addition to the arguments used in this paper, we have to investigate the standard
endoscopy for those L-packets. On the other hand, in the case of ramified even
orthogonal groups, the Kottwitz–Shelstad transfer factors are not trivial. Thus
the endoscopic character relations are more complicated than this paper’s one.
Hence, also in this case, in addition to the techniques in this paper, we need further
properties of the local Langlands correspondence. For these groups, the simple
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supercuspidal L-packets are investigated in detail in [Oi18]. Other than these cases,
for example, Adler and Lansky determined the endoscopic lifts (base change) for
depth-zero supercuspidal representations of the quasi-split U3 ([AL05, AL10]), and
Blasco determined the endoscopic lifts of supercuspidal representations of the quasi-
split U2 ([Bla08]) and “very cuspidal” representations of the quasi-split U3 ([Bla10]),
as a consequence of an explicit computation of the character relation.
We explain the organization of this paper. In Section 2, we review some fun-
damental properties about Iwahori subgroups and simple supercuspidal represen-
tations, and explain parametrizations of simple supercuspidal representations of
GN (F ) and UN (F ). In Section 3, we compute the (twisted) characters of simple
supercuspidal representations of GN (F ) and UN (F ) at some special elements. In
Section 4, we investigate the norm correspondence and the transfer factor for GN
and UN . In Section 5, we first recall the endoscopic character relation in [Mok15].
Then we determine the endoscopic lifts of simple supercuspidal representations by
combining the endoscopic character relation with the results in Sections 3 and 4.
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Notation.
p-adic field: Let p be an odd prime number. We fix a p-adic field F . We
denote its ring of integers, its maximal ideal, and its residue field by O, p,
and k, respectively. We fix a uniformizer ̟ of F . For x ∈ O, x¯ denotes the
image of x in k. We often regard an element of k× as an element of F× by
the Teichmu¨ller lift. We denote the Weil group of F by WF .
unramified quadratic extension of F : Let E be an unramified quadratic
extension of F . We write c for the nontrivial element of Gal(E/F ). We
denote its ring of integers, its maximal ideal, and its residue field by OE ,
pE , and k˜, respectively.
quadratic extension of k: We denote the norm and the trace with respect
to the quadratic extension k˜/k shortly by Nr and Tr. We set k˜1 and k˜0 to
be the kernel of Nr and Tr, respectively:
k˜1 := Ker(Nr: k˜× → k×), k˜0 := Ker(Tr : k˜ → k).
We fix a square root ǫ ∈ k˜ of a non-square element of k×. Then note
that we have k˜0 = ǫk. Finally, we often identify k˜1 with k˜×/k× via the
isomorphism
k˜×/k× → k˜1; z 7→ z/c(z).
additive character: Throughout this paper, we fix an additive character
ψ on F of level one. Then its restriction ψ|O to O induces a nontrivial
additive character on k. We denote it by ψ again. Furthermore, we denote
the additive character ψ ◦ Tr on k˜ by ψ˜.
algebraic group: For an algebraic groupG over F , we denote its F -rational
pointsG(F ) by G. WhenG is abelian, we write G(q) for the subgroup of G
consisting of the elements of finite orders. For a connected reductive group
G over F , we denote its Langlands dual group and the L-group by “G and
LG, respectively. For an algebraic group T over F or C, we write X∗(T) for
its absolute character group and X∗(T) for its absolute cocharacter group.
matrix: We denote the identity matrix of size N by IN . We set JN to be the
anti-diagonal matrix whose (i, N + 1− i)-th entry is given by (−1)i−1:
JN :=
á
1
−1
. .
.
(−1)N−1
ë
.
2. Simple supercuspidal representations
2.1. Iwahori subgroups and simple supercuspidal representations. We first
recall the definition of simple supercuspidal representations. See Section 2 in [Oi18]
for the details of the arguments in this section.
Let G be a quasi-split connected reductive group over F , and we assume that
G is tamely ramified over F . We write ZG for the center of G. We fix a maximal
F -split torus SG of G. Then we get a relative root (resp. affine root) system ΦG
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(resp. ΨG). We fix a Borel subgroup of G which contains SG and is defined over F ,
and write ∆G for the corresponding root basis of ΦG. By choosing an alcove C of an
apartment A(G,SG) of the Bruhat–Tits building of G, we get the corresponding
affine basis ΠG of ΨG and the Iwahori subgroup IG of G. Furthermore, by the
theory of the Moy–Prasad filtration, we have a filtration of IG associated to the
barycenter of the alcove C. We denote the first two steps of this filtration by I+
G
and I++
G
.
Let TG be the centralizer of SG in G, T
0
G
the maximal compact subgroup of
TG = TG(F ), and T
1
G
the pro-unipotent radical of T 0
G
. Then recall that the groups
IG, I
+
G
, and I++
G
are described explicitly in terms of affine root subgroups as follows:
IG := 〈T
0
G
, Uα | α ∈ Ψ
+
G
〉,
I+
G
:= 〈T 1
G
, Uα | α ∈ Ψ
+
G
〉, and
I++
G
:= 〈T 1
G
, Uα | α ∈ Ψ
+
G
\ΠG〉,
where Ψ+
G
is the set of positive affine roots, and Uα is the affine root subgroup of
G associated to α. Then the quotient IG/I
+
G
is identified with the group TG(q)
consisting of elements of TG of finite orders. Moreover, if we put
VG := I
+
G
/I++
G
,
then it has a structure of k-vector space and decomposes into a direct sum of α˙-
isotypic parts with respect to the SG(q)-action, where α˙ is the gradient of a simple
affine root α ∈ ΠG:
VG ∼=
⊕
α∈ΠG
VG(α˙).
For an element g in I+
G
, we call the image of g in VG(α˙) the simple affine
component with respect to α. If g ∈ G belongs to I+
G
and every simple affine
component is not zero, then we say that g is affine generic.
For a character χ of ZGI
+
G
, we say that χ is affine generic if χ satisfies the
following two conditions:
• χ|I+
G
is trivial on I++
G
(hence factors through VG), and
• χ|I+
G
is not trivial on VG(α˙) for every α ∈ ΠG.
Let χ be an affine generic character of ZGI
+
G
. Then we define the normalizer
NG(I
+
G
;χ) of χ as follows:
NG(I
+
G
;χ) := {n ∈ NG(I
+
G
) | χn = χ}.
Here NG(I
+
G
) is the normalizer of I+
G
in G, and χn is the twist of χ via n defined
by
χn(x) := χ(nxn−1).
Then, for any irreducible constituent χ˜ of c-Ind
NG(I
+
G
;χ)
ZGI
+
G
χ, the representation
c-IndG
NG(I
+
G
;χ)
χ˜
is irreducible, hence supercuspidal. We call the irreducible supercuspidal represen-
tations of G obtained in this way simple supercuspidal representations of G.
In the rest of this section, for the groups considered in this paper, we explain
the following data:
• the (affine) root system and a choice of its (affine) root basis,
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• the structure of the graded quotient of the Moy–Prasad filtration of the
Iwahori subgroup,
• the structure of the normalizer group for each affine generic character, and
• a parametrization of the equivalence classes of simple supercuspidal repre-
sentations.
2.2. Parametrization: the case of GN . In this subsection, we consider the case
of
GN := ResE/F (GLN ).
Note that we have GN (F ) = GLN (E).
We choose SGN to be the subgroup of diagonal matrices whose F -valued points
are given by
SGN = {diag(t1, . . . , tN ) ∈ GLN (E) | ti ∈ F
×}.
Then its centralizer TGN is a maximal torus of GN whose F -valued points are given
by
TGN = {diag(t1, . . . , tN ) ∈ GLN (E) | ti ∈ E
×}.
The relative root system and the affine root system are given by
ΦGN = {±(ei − ej) | 1 ≤ i < j ≤ N},
ΨGN = {a+ r | a ∈ ΦGN , r ∈ Z}.
We take the root basis and the affine root basis to be
∆GN = {e1 − e2, . . . , eN−1 − eN},
ΠGN = {e1 − e2, . . . , eN−1 − eN , eN − e1 + 1}.
For x = (xij)ij ∈ I
+
GN
, we regard its simple affine components as an element of
k˜⊕N by
I+GN /I
++
GN
∼=
⊕
α∈ΠGN
VGN (α˙)
∼= k˜⊕N
(xij)ij 7→
Ä
x12, . . . , xN−1,N , xN1̟−1
ä
.
For a ∈ k˜×, we put
ϕa :=
Å
0 IN−1
̟a 0
ã
∈ GN (F ) = GLN (E).
Then the normalizer of the Iwahori subgroup IGN is described as follows:
Lemma 2.1. For any a, we have NGN (F )(IGN ) = NGN (F )(I
+
GN
) = ZGN IGN 〈ϕa〉.
Proof. Let GLN,E be the split general linear group of size N over E. Then, since
the Iwahori subgroup IGN (resp. its pro-unipotent radical I
+
GN
) of GN (F ) can be
regarded as the standard Iwahori subgroup IGLN,E (resp. its pro-unipotent radical
I+GLN,E) of GLN,E(E), it is enough to show that
NGLN,E(E)(IGLN,E) = NGLN,E(E)(I
+
GLN,E
) = ZGLN,EIGLN,E 〈ϕa〉.
By [Oi18, Lemma 2.4], to show these equalities, it suffices to check that, for any
a, 〈ϕa〉 is a set of representatives of the subgroup Ω˜ of the Iwahori Weyl group W˜
consisting of the elements normalizing IGLN,E (see [Ric16, (1.5)] and also [Oi18,
Proposition 2.3]). We can easily check that 〈ϕa〉 normalizes the Iwahori subgroup
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IGLN,E . Thus, since Ω˜ maps to X
∗(Z’GLN,E ) isomorphically under the Kottwitz
homomorphism
κGLN,E : GLN,E(E)→ X
∗(Z’GLN,E )
(see [Ric16, (1.5)] and also [Oi18, Proposition 2.3]), it is enough to show that 〈ϕa〉
surjects on X∗(Z’GLN,E ) under the Kottwitz homomorphism κGLN,E .
In order to show this, let us recall the definition of the Kottwitz homomorphism
κGLN,E . We first note that the dual of the quotient GLN,E / SLN,E
∼= Gm can be
identified with the center Z’GLN,E of ÷GLN,E. Then κGLN,E is defined to be the
composition of the determinant map
det : GLN,E(E)→ (GLN,E / SLN,E)(E) ∼= Gm(E)
and the map
Gm(E)→ Hom(X
∗(Gm),Z) ∼= X∗(Gm) ∼= X
∗(Z’GLN,E)
(see Section 7.2 and the diagram (7.4.1) in [Kot97] for the details). Here the first
part of the latter map sends an element t ∈ Gm(E) to the element of Hom(X∗(Gm),Z)
defined by
λ 7→ val(λ(t)),
where val is the normalized valuation of E×. Then, since det(ϕa) is a uniformizer
of E×, the image of ϕa under the Kottwitz homomorphism κGLN,E generates
X∗(Z’GLN,E ) 
For a character ω on k˜×, a ∈ k˜×, and ζ ∈ C×, we define a character χGNω,a,ζ on
the group ZGN I
+
GN
〈ϕa−1〉 to be
χGNω,a,ζ(z) = ω(z) for z ∈ ZGN (q),
χGNω,a,ζ(x) = ψ˜
Ä
x12 + · · ·+ xN−1,N + axN,1̟−1
ä
,
χGNω,a,ζ(ϕa−1) = ζ.
Then χGNω,a,ζ |ZGN I
+
GN
is an affine generic character and we have
NGN (F )
(
I+GN ;χ
GN
ω,a,ζ |ZGN I
+
GN
)
= ZGN I
+
GN
〈ϕa−1〉
Let πGNω,a,ζ be the simple supercuspidal representation of GN (F ) defined by
πGNω,a,ζ := c-Ind
GN (F )
ZGN I
+
GN
〈ϕ
a−1〉
χGNω,a,ζ.
Then, for example by using Proposition 2.6 in [Oi18], we can check that the set
SSC(GN ) :=
{
(ω, a, ζ) | ω : k˜× → C×, a ∈ k˜×, ζ ∈ C×
}
parametrizes the set of equivalence classes of simple supercuspidal representations
of GN (F ).
Now we investigate the θ-stable (conjugate self-dual) simple supercuspidal rep-
resentations. Let θ be an automorphism of GN defined by
θ(g) = JN
tc(g)−1J−1N .
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Then the automorphism θ preserves the subgroups ZGN , I
+
GN
, and I++GN , and induces
the automorphisms of ZGN and VGN
∼= k˜⊕N as follows:
θ(z) = c(z)−1 for z ∈ ZGN ,
θ(x1, . . . , xN−1, xN ) =
(
c(xN−1), . . . , c(x1), (−1)
Nc(xN )
)
for (xi)i ∈ VGN .
On the other hand, by a simple computation, we can check
θ(ϕa−1 ) = −ϕ
−1
(−1)Nc(a)−1
.
Therefore we have
(πGNω,a,ζ)
θ ∼= c-Ind
GN (F )
ZGN I
+
GN
〈θ(ϕ
a−1)〉
(χGNω,a,ζ)
θ
∼= c-Ind
GN (F )
ZGN I
+
GN
〈ϕ(−1)Nc(a)−1 〉
χGNc(ω)−1,(−1)Nc(a),ζ−1ω(−1)
= πGN
c(ω)−1,(−1)Nc(a),ζ−1ω(−1)
.
Thus, the representation πGNω,a,ζ is θ-stable if and only if the following conditions
hold:
(1) ω is conjugate self-dual, that is ω = c(ω)−1 (note that this condition is
equivalent to the condition that ω is trivial on Nr(k˜×) = k×),
(2) a = (−1)Nc(a), and
(3) ζ = ζ−1 (note that we always have ω(−1) = 1 under the condition (1)).
In summary, we can parametrize the set of equivalence classes of θ-stable simple
supercuspidal representations of GN (F ) by the following set:
SSCθ(GN )
:=
®
{(ω, a, ζ) ∈ SSC(GN ) | ω ∈ (k˜×/k×)∨, a ∈ k×, ζ = ±1} if N is even,
{(ω, a, ζ) ∈ SSC(GN ) | ω ∈ (k˜×/k×)∨, a ∈ (k˜0)×, ζ = ±1} if N is odd.
Here (k˜×/k×)∨ is the set of characters on k˜× which are trivial on k× and we put
(k˜0)× := k˜0 ∩ k˜× = ǫk×.
2.3. Parametrization: the case of UN . In this subsection, we consider the case
of the unramified quasi-split unitary group of degree N :
UN := {g ∈ ResE/F (GLN) |
tc(g)JNg = JN}.
Note that we can identify the center ZUN with U1.
The choices and data SUN , TUN , ΦUN , ΨUN , ∆UN , ΠUN , VUN , and a set of
representatives of equivalence classes of affine generic characters needed to obtain
simple supercuspidal representations are described as follows:
Even case: N = 2n: We choose SU2n to be the diagonal maximal split torus
whose F -valued points are given by
SU2n = {diag(t1, . . . , tn, t
−1
n , . . . , t
−1
1 ) | ti ∈ F
×}.
Then its centralizer TU2n is a maximal torus with F -valued points
TU2n = {diag(t1, . . . , tn, c(tn)
−1, . . . , c(t1)
−1) | ti ∈ E
×}.
The relative root system and the affine root system are given by
ΦU2n = {±ei ± ej | 1 ≤ i < j ≤ n} ∪ {±2ei | 1 ≤ i ≤ n},
ΨU2n = {a+ r | a ∈ ΦU2n , r ∈ Z}.
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We take the root basis and the affine root basis to be
∆U2n = {e1 − e2, . . . , en−1 − en, 2en},
ΠU2n = {e1 − e2, . . . , en−1 − en, 2en,−2e1 + 1}.
We note that, for these simple affine roots, the corresponding affine root
subgroups are described as follows:
• If α = ei − ei+1 for 1 ≤ i ≤ n− 1, then
Uα = {I2n + uei−ei+1(x) ∈ U2n(F ) | x ∈ OE},
where
(
uei−ei+1(x)
)
kl
=

x (k, l) = (i, i+ 1),
c(x) (k, l) = (2n− i, 2n− i+ 1),
0 otherwise.
• If α = 2en, then
Uα = {I2n + ue2n(x) ∈ U2n(F ) | x ∈ O},
where (
ue2n(x)
)
kl
=
®
x (k, l) = (n, n+ 1),
0 otherwise.
• If α = −2e1 + 1, then
Uα = {I2n + u−2e1(x) ∈ U2n(F ) | x ∈ p},
where (
u−2e1(x)
)
kl
=
®
x (k, l) = (2n, 1),
0 otherwise.
For y = (yij)ij ∈ I
+
U2n
, we regard its simple affine components as an element
of k˜⊕n−1 ⊕ k ⊕ k by
I+U2n/I
++
U2n
∼=
⊕
α∈ΠU2n
V (α˙) ∼= k˜⊕n−1 ⊕ k ⊕ k
(yij)ij 7→
Ä
y12, . . . , yn−1,n, yn,n+1, y2n,1̟−1
ä
.
For b ∈ k×, we define a character χU2nb : I
+
U2n
→ C× by
χU2nb (y) := ψ˜ (y12 + · · ·+ yn−1,n) · ψ
Ä
yn,n+1 + by2n,1̟−1
ä
.
Odd case: N = 2n+ 1: We choose SU2n+1 to be the diagonal maximal split
torus whose F -valued points are given by
SU2n+1 =
{
t = diag(t1, . . . , tn, 1, t
−1
n , . . . , t
−1
1 ) | ti ∈ F
×
}
.
Then its centralizer TU2n+1 is a maximal torus with F -valued points
TU2n+1 =
{
t = diag(t1, . . . , tn, z, c(tn)
−1, . . . , c(t1)
−1) | ti ∈ E
×, z ∈ U1(F )
}
.
Then we have
ΦU2n+1 = {±ei ± ej | 1 ≤ i < j ≤ n} ∪ {±ei,±2ei | 1 ≤ i ≤ n},
ΨU2n+1 = {a+ r | a ∈ ΦU2n+1 , r ∈ Z}.
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We take the root basis and the affine root basis to be
∆U2n+1 = {e1 − e2, . . . , en−1 − en, en},
ΠU2n+1 = {e1 − e2, . . . , en−1 − en, en,−2e1 + 1}.
We note that, for these simple affine roots, the corresponding affine root
subgroups are described as follows:
• If α = ei − ei+1 for 1 ≤ i ≤ n− 1, then
Uα = {I2n+1 + uei−ei+1(x) ∈ U2n+1(F ) | x ∈ OE},
where
(
uei−ei+1(x)
)
kl
=

x (k, l) = (i, i+ 1),
c(x) (k, l) = (2n− i+ 1, 2n− i+ 2),
0 otherwise.
• If α = en, then
Uα = {I2n+1 + uen(x, y) ∈ U2n+1(F ) | x, y ∈ OE , xc(x) = y + c(y)},
where
(
uen(x, y)
)
kl
=

x (k, l) = (n, n+ 1),
c(x) (k, l) = (n+ 1, n+ 2),
y (k, l) = (n, n+ 2),
0 otherwise.
• If α = −2e1 + 1, then
Uα = {I2n+1 + u−2e1(y) ∈ U2n+1(F ) | y ∈ pE , y + c(y) = 0},
where (
u−2e1(y)
)
kl
=
®
y (k, l) = (2n+ 1, 1),
0 otherwise.
For y = (yij)ij ∈ I
+
U2n+1
, we regard its simple affine components as an
element of k˜⊕n ⊕ k˜0 by
I+U2n+1/I
++
U2n+1
∼=
⊕
α∈ΠU2n+1
V (α˙) ∼= k˜⊕n ⊕ k˜0
(yij)ij 7→
Ä
y12, . . . , yn,n+1, y2n+1,1̟−1
ä
.
For b ∈ (k˜0)×, we define a character χ
U2n+1
b : I
+
U2n+1
→ C× by
χ
U2n+1
b (y) := ψ˜ (y12 + · · ·+ yn,n+1) · ψ
Ä
by2n+1,1̟−1
ä
.
Lemma 2.2. We have NUN (F )(IUN ) = NUN (F )(I
+
UN
) = IUN .
Proof. By the same argument as in the proof of Lemma 2.1, it is enough to show
that the group
X∗(Z”UN )Gal(Fur/F )
is trivial. Here F ur is the maximal unramified extension of F . Since X∗(Z”UN ) ∼= Z
and Gal(F ur/F ) acts on it by (−1)-multiplication, its fixed part is trivial (see
Section 4.1 for a description of the dual group of UN and the Galois action on
it). 
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For a character ω′ on k˜1, we define an affine generic character χUNω′,b on ZUN I
+
UN
by
χUNω′,b(z) = ω
′(z) for z ∈ ZUN (q), and
χUNω′,b(y) = χ
UN
b (y) for y ∈ I
+
UN
.
Then we haveNUN (F )(I
+
UN
;χUNω′,b) = ZUN I
+
UN
. Let πUNω′,b be the simple supercuspidal
representation of UN (F ) defined by
πUNω′,b := c-Ind
UN (F )
ZUN I
+
UN
χUNω′,b.
Then, for example by using Proposition 2.6 in [Oi18], we can check that the set
SSC(UN ) :=
®{
(ω′, b) | ω′ ∈ (k˜1)∨, b ∈ k×
}
if N = 2n,{
(ω′, b) | ω′ ∈ (k˜1)∨, b ∈ (k˜0)×
}
if N = 2n+ 1
parametrizes the set of equivalence classes of simple supercuspidal representations
of UN (F ). Here we denote the set of characters on k˜
1 by (k˜1)∨.
3. Characters of simple supercuspidal representations
3.1. Character, character formula, and their twisted versions. We first
recall the (twisted) characters of representations and the character formula. Let G
be a connected reductive group over F , and π an irreducible representation of G :=
G(F ). Then, by the theorem of Harish-Chandra ([HC70]), we have its character Θπ,
which is a locally constant function on the set Grs of regular semisimple elements
of G.
For irreducible supercuspidal representations which are obtained by the compact
induction, we have the following character formula:
Theorem 3.1 (Character formula, [Sal88]). Let ZG be the center of G. Let K be
an open subgroup of G such that K contains ZG and K/ZG is compact. Let ρ be
a finite-dimensional irreducible smooth representation of K. We assume that the
representation π := c-IndGK ρ is irreducible, hence supercuspidal. Then, for every
g ∈ Grs, we have
Θπ(g) =
∑
x∈K\G/K
∑
y∈K\KxK
ygy−1∈K
tr ρ(ygy−1).
In particular, we have
Θπ(g) =
∑
y∈K\G
ygy−1∈K
tr ρ(ygy−1),
provided that the sum is finite.
We next recall the notion of twisted character for GN (F ). Let π be an irreducible
smooth representation of GN (F ). We assume that π is θ-stable. Then, by fixing
an isomorphism Iθ : π ∼= π
θ, we get its θ-twisted character Θπ,θ, which is a locally
constant function on the set Gθ-rsN (F ) of θ-regular θ-semisimple elements of GN (F )
(see [Clo87] and [LH17] for details). Note that the θ-twisted character Θπ,θ depends
on the choice of an isomorphism Iθ.
Similar to the untwisted case, we have a formula for the twisted characters of
supercuspidal representations:
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Theorem 3.2 (Twisted character formula, [LH17, Partie I, The´ore`me 6.2.1]). Let
K be a θ-stable open subgroup of GN (F ) such that K contains ZGN and K/ZGN
is compact. Let ρ be a finite-dimensional θ-stable irreducible smooth representation
of K. We fix an isomorphism Iθ : ρ ∼= ρθ. We assume that the representation
π := c-Ind
GN (F )
K ρ is irreducible, hence supercuspidal. Then, for every g ∈ G
θ-rs
N (F ),
we have
Θπ,θ(g) =
∑
x∈K\GN(F )/K
∑
y∈K\KxK
ygθ(y)−1∈K
tr
(
ρ(ygθ(y)−1) ◦ Iθ
)
.
In particular, we have
Θπ,θ(g) =
∑
y∈K\GN (F )
ygθ(y)−1∈K
tr
(
ρ(ygθ(y)−1) ◦ Iθ
)
,
provided that the sum is finite. Here we normalize the θ-twisted character Θπ,θ with
respect to the isomorphism c-Ind
GN (F )
K Iθ : π → π
θ.
In this paper, for a θ-stable simple supercuspidal representation πGNω,a,ζ of GN (F ),
we adopt the normalization
c-Ind
GN (F )
ZGN I
+
GN
〈ϕ
a−1〉
id : πGNω,a,ζ
∼= (πGNω,a,ζ)
θ
induced from the identity map id: χGNω,a,ζ → (χ
GN
ω,a,ζ)
θ.
Remark 3.3. By using a θ-stable Whittaker data of GN , we can normalize the θ-
twisted character of each θ-stable irreducible smooth representation in a natural
way depending only on the Whittaker data (see [Mok15, Section 3.2]). In fact,
for a simple supercuspidal representation of GN (F ), such a normalization coincides
with the above one. This can be proved by describing the Whittaker normalization
for simple supercuspidal representations explicitly from their constructions (see, for
example, [Oi16, Proposition 5.1] for the details).
Before we start to compute the characters of simple supercuspidal representa-
tions, we define the Kloosterman sum, which will be used to express the character
values.
Definition 3.4. Let m and n be non-negative integers. For u ∈ k×, we put
Klm;nu (ψ) :=
∑
x1,...,xm∈k
y1,...,yn∈k˜
x1···xm Nr(y1)···Nr(yn)=u
ψ(x1 + · · ·+ xm)ψ˜(y1 + · · ·+ yn).
As a consequence of the Hasse–Davenport relation, we have the following lemma:
Lemma 3.5. For n ∈ Z≥0 and a ∈ k×, we have
Kl2;na (ψ) = −Kl
0:n+1
a (ψ).
Proof. It suffices to show the equality for their Fourier transforms with respect to
every multiplicative character of k×. Let χ be a multiplicative character of k×. By,
for example, Proposition A.2 in [Oi18], we have∑
a∈k×
χ(a)Kl2;na (ψ) = G(k;χ, ψ)
2 ·G(k˜;χ ◦Nr, ψ˜)n.
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On the other hand, we have
−
∑
a∈k×
χ(a)Kl0;n+1a (ψ) = −G(k˜;χ ◦Nr, ψ˜)
n+1.
Here, G(k;χ, ψ) (resp. G(k˜;χ ◦ Nr, ψ˜)) is the Gauss sum with respect to (k, χ, ψ)
(resp. (k˜, χ ◦ Nr, ψ˜)). Therefore we get the conclusion by the Hasse–Davenport
relation (see, for example, [Wei49, 503 page] or [IR90, Chapter 11, Theorem 1]). 
Finally, we introduce a lemma which is useful to determine the index set of the
character formula:
Lemma 3.6 (Lemma 2.5 in [Oi18]). Let G, IG, and I
+
G
be as in Section 2.1. Let
x be an element of G. If x satisfies xgx−1 ∈ IG for an affine generic element g,
then we have x ∈ NG(IG).
3.2. The case of twisted GN . For g ∈ GN (F ), we put
N (g) := gθ(g) ∈ GN (F ).
Let (ω, a, ζ) ∈ SSCθ(GN ), and we consider the corresponding simple supercus-
pidal representation πGNω,a,ζ. We denote the θ-twisted character ΘπGN
ω,a,ζ
,θ
of πGNω,a,ζ
simply by ΘGNω,a,ζ,θ.
First, we compute the twisted characters at g ∈ I+GN ∩G
θ-rs
N (F ) such that N (g) =
gθ(g) ∈ I+GN is affine generic.
Lemma 3.7. Let g ∈ I+GN be an element such that N (g) is affine generic. If
y ∈ GN (F ) satisfies ygθ(y)−1 ∈ ZGN I
+
GN
〈ϕa−1〉, then y ∈ ZGN IGN 〈ϕa−1 〉.
Proof. Since ygθ(y)−1 ∈ ZGN I
+
GN
〈ϕa−1〉, N (ygθ(y)
−1) = yN (g)y−1 also belongs to
ZGN I
+
GN
〈ϕa−1 〉. Moreover, as we have
val ◦ det(yN (g)y−1) = val ◦ det(N (g)) = 0,
yN (g)y−1 lies in ZGN (q)I
+
GN
⊂ IGN (note that we have val◦det(ϕa−1) = 1). Then,
by the assumption and Lemma 3.6, y must lie in NGN (F )(IGN ) = ZGN IGN 〈ϕa−1〉.

Lemma 3.8. Let g ∈ I+GN be an element such that N (g) is affine generic. Then a
system of representatives of the set{
y ∈ ZGN I
+
GN
〈ϕa−1〉\ZGN IGN 〈ϕa−1〉 | ygθ(y)
−1 ∈ ZGN I
+
GN
〈ϕa−1〉
}
is given by
T ′GN (q) := {diag(t1, . . . , tN ) ∈ TGN (q) | t1c(tN ) = · · · = tNc(t1), tn = 1},
where we put n = ⌊N+12 ⌋.
Proof. Let y := diag(t1, . . . , tN ) ∈ TGN (q) satisfying tn = 1 (note that the set
ZGN I
+
GN
〈ϕa−1 〉\ZGN IGN 〈ϕa−1〉 is represented by
{diag(t1, . . . , tN ) ∈ TGN (q) | tn = 1}).
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From the same argument as in the proof of Lemma 3.7, if ygθ(y)−1 belongs to
ZGN I
+
GN
〈ϕa−1 〉, then it in fact lies in ZGN (q)I
+
GN
. Thus we have ygθ(y)−1 ∈
ZGN I
+
GN
〈ϕa−1 〉 if and only if the diagonal part of
ygθ(y)−1 = diag(t1, . . . , tN )
Ö
g1,1 . . . g1,N
...
. . .
...
gN,1 . . . gN,N
è
diag
(
c(tN ), . . . , c(t1)
)
=
à
t1c(tN )g1,1 t1c(tN−1)g1,2
t2c(tN−1)g2,2
. . . ∗
∗
. . . tN−1c(t1)gN−1,N
tNc(tN )gN,1 tNc(t1)gN,N
í
lies in ZGN (q)T
1
GN
, and this is equivalent to that t1c(tN ) = · · · = tNc(t1). 
Proposition 3.9 (Even case: N = 2n). Let g ∈ I+G2n ∩ G
θ-rs
2n (F ) be an element
such that N (g) is affine generic. Let (g1, . . . , g2n) be the simple affine components
of g. Then we have
ΘG2nω,1,ζ,θ(g) = −Kl
0;n
Nr(g1+c(g2n−1))···Nr(gn−1+c(gn+1)) Tr(gn) Tr(g2n)
(ψ).
Proof. Note that the simple affine components of N (g) are given by(
g1 + c(g2n−1), . . . , g2n−1 + c(g1),Tr(g2n)
)
,
and the affine genericity of N (g) means that none of them is zero.
From Lemma 3.7, the index set of the twisted character formula (Theorem 3.2)
is finite, and given by T ′G2n(q) from Lemma 3.8. Thus, by noting that the element
ygθ(y)−1 belongs to
diag(α, . . . , α)IG+2n
,
where α = t1c(t2n) = · · · = t2nc(t1) ∈ k×, and that the character ω is trivial on
k×, we can compute the twisted character as follows:
ΘG2nω,1,ζ,θ(g) =
∑
y∈T ′
G2n
(q)
χG2nω,1,ζ
(
ygθ(y)−1
)
=
∑
α∈k×
ω(α)
∑
t1,...,t2n∈k˜
×
tic(t2n+1−i)=α
tn=1
ψ˜
Å
t1c(t2n−1)g1
α
+ · · ·+
t2n−1c(t1)g2n−1
α
+
Nr(t2n)g2n
α
ã
=
∑
α∈k×
∑
t1,...,tn−1∈k˜×
ψ˜
Å
t1
t2
g1 + · · ·+ c
Å
t1
t2
ã
g2n−1 +
α
Nr(t1)
g2n
ã
=
∑
t1,...,tn−1∈k˜
×
α∈k×
ψ˜
Å
t1
t2
(
g1 + c(g2n−1)
)
+ · · ·+
tn−1
1
(
gn−1 + c(gn+1)
)
+
gn
α
+
α
Nr(t1)
g2n
ã
= Kl2;n−1Nr(g1+c(g2n−1))···Nr(gn−1+c(gn+1)) Tr(gn) Tr(g2n)(ψ)
= −Kl0;nNr(g1+c(g2n−1))···Nr(gn−1+c(gn+1)) Tr(gn) Tr(g2n)(ψ).
Here, we used Lemma 3.5 in the last equality. 
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Proposition 3.10 (Odd case: N = 2n + 1). Let g ∈ I+G2n+1 ∩ G
θ-rs
2n+1(F ) be an
element such that N (g) is affine generic. Let (g1, . . . , g2n+1) be the simple affine
components of g. Then we have
Θ
G2n+1
ω,ǫ,ζ,θ(g) = Kl
1;n
Nr(g1+c(g2n))···Nr(gn+c(gn+1)) Tr(ǫg2n+1)
(ψ).
Proof. Note that the simple affine components of N (g) are given by(
g1 + c(g2n), . . . , g2n + c(g1), g2n+1 − c(g2n+1)
)
,
and the affine genericity of N (g) means that none of them is zero.
From Lemma 3.7, the index set of the twisted character formula (Theorem 3.2) is
finite, and given by T ′G2n+1(q) from Lemma 3.8. Thus we can compute the twisted
character as follows:
Θ
G2n+1
ω,ǫ,ζ,θ(g) =
∑
y∈T ′
G2n+1
(q)
χ
G2n+1
ω,ǫ,ζ
(
ygθ(y)−1
)
=
∑
t1,...,t2n+1∈k˜
×
tic(t2n+2−i)=1
tn+1=1
ψ˜
(
t1c(t2n)g1 + · · ·+ t2nc(t1)g2n + ǫNr(t2n+1)g2n+1
)
=
∑
t1,...,tn∈k˜×
ψ˜
Å
t1
t2
g1 + · · ·+ c
Å
t1
t2
ã
g2n +
ǫ
Nr(t1)
g2n+1
ã
=
∑
t1,...,tn∈k˜×
ψ˜
Å
t1
t2
(
g1 + c(g2n)
)
+ · · ·+
tn
1
(
gn + c(gn+1)
)
+
ǫ
Nr(t1)
g2n+1
ã
= Kl1;nNr(g1+c(g2n))···Nr(gn+c(gn+1)) Tr(ǫg2n+1)(ψ).

Next, we compute the twisted characters ΘGNω,a,ζ,θ at ϕa−1ug, where g ∈ I
+
GN
and
u ∈ k× such that −N (ϕa−1ug) = ϕa−1ugϕ
−1
a−1uθ(g) ∈ I
+
GN
is affine generic.
Lemma 3.11. Let u ∈ k×. Let g ∈ I+GN be an element such that −N (ϕa−1ug) ∈
I+GN is affine generic. If y ∈ GN (F ) satisfies yϕa−1ugθ(y)
−1 ∈ ZGN I
+
GN
〈ϕa−1〉,
then y ∈ ZGN IGN 〈ϕa−1〉.
Proof. This follows from the exactly same argument as in the proof of Lemma
3.7. 
Lemma 3.12. Let u ∈ k×. Let g ∈ I+GN be an element such that −N (ϕa−1ug) ∈
I+GN is affine generic. Then a system of representatives of the set{
y ∈ ZGN I
+
GN
〈ϕa−1 〉\ZGN IGN 〈ϕa−1〉 | yϕa−1ugθ(y)
−1 ∈ ZGN I
+
GN
〈ϕa−1〉
}
is given by
T ′′GN (q) := {diag(t1, . . . , tN ) ∈ TGN (q) | t1c(tN−1) = · · · = tN−1c(t1) = u, tN = 1}.
Proof. Let y = diag(t1, . . . , tN ) ∈ TGN (q) satisfying tN = 1. Since
val ◦ det
(
yϕa−1ugθ(y)
−1
)
= val ◦ det(ϕa−1u) = 1,
we have
yϕa−1ugθ(y)
−1 ∈ ZGN I
+
GN
〈ϕa−1〉 =⇒ ϕ
−1
a−1yϕa−1ugθ(y)
−1 ∈ ZGN (q)I
+
GN
.
Thus yϕa−1ugθ(y)
−1 belongs to ZGN I
+
GN
〈ϕa−1〉 if and only if the diagonal part of
ϕ−1a−1yϕa−1u · g · θ(y)
−1
= diag(tNu, t1, . . . , tN−1)
Ö
g1,1 . . . g1,N
...
. . .
...
gN,1 . . . gN,N
è
diag
(
c(tN ), . . . , c(t1)
)
=
à
tNc(tN )ug1,1 tNc(tN−1)ug1,2
t1c(tN−1)g2,2
. . . ∗
∗
. . . tN−2c(t1)gN−1,N
tN−1c(tN )gN,1 tN−1c(t1)gN,N
í
lies in ZGN (q)T
1
GN
, and this is equivalent to that t1c(tN−1) = · · · = tN−1c(t1) =
u. 
Proposition 3.13 (Even case: N = 2n). Let g ∈ I+G2n be an element such that
ϕug ∈ Gθ-rs2n (F ) and −N (ϕug) is affine generic. Let (g1, . . . , g2n) be the simple
affine components of g. Then we have
ΘG2nω,1,ζ,θ(ϕug) = ζ ·Kl
0;n
Nr(ug1+c(g2n))Nr(g2+c(g2n−1))···Nr(gn+c(gn+1))/u
(ψ).
Proof. Note that the simple affine components of −N (ϕug) are given by(
g2 + c(g2n−1), g3 + c(g2n−2), . . . , g2n−1 + c(g2), u
−1g2n + c(g1), ug1 + c(g2n)
)
,
and the affine genericity of −N(ϕug) means that none of them is zero.
From Lemma 3.11, the index set of the twisted character formula (Theorem 3.2)
is finite, and given by T ′′G2n(q) from Lemma 3.12. Thus, by noting that the element
ϕ−11 yϕugθ(y)
−1 belongs to
diag(u, . . . , u)IG+2n
and that the character ω is trivial on k×, we can compute the twisted character as
follows:
ΘG2nω,1,ζ,θ(ϕug) =
∑
y∈T ′′
G2n
(q)
χG2nω,1,ζ(ϕ1) · χ
G2n
ω,1,ζ
(
ϕ−11 yϕugθ(y)
−1
)
= ζω(u)
∑
t1,...,t2n∈k˜
×
tic(t2n−i)=u
t2n=1
ψ˜
Å
t2nc(t2n−1)ug1
u
+ · · ·+
t2n−2c(t1)g2n−1
u
+
t2n−1c(t2n)g2n
u
ã
= ζ
∑
t1,...,tn∈k˜
×
Nr(tn)=u
ψ˜
Å
u
t1
g1 + · · ·+ c
Å
t1
t2
ã
g2n−1 +
g2n
c(t1)
ã
= ζ
∑
t1,...,tn∈k˜
×
Nr(tn)=u
ψ˜
Å
1
t1
(
ug1 + c(g2n)
)
+
t1
t2
(
g2 + c(g2n−1)
)
+ · · ·+
tn−1
tn
(
gn + c(gn+1)
)ã
= ζ ·Kl0;nNr(ug1+c(g2n))Nr(g2+c(g2n−1))···Nr(gn+c(gn+1))/u(ψ).

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Proposition 3.14 (Odd case: N = 2n + 1). Let g ∈ I+G2n+1 be an element such
that ϕǫ−1ug ∈ G
θ-rs
2n+1(F ) and −N (ϕǫ−1ug) is affine generic. Let (g1, . . . , g2n+1) be
the simple affine components of g. Then we have
Θ
G2n+1
ω,ǫ,ζ,θ(ϕǫ−1ug) = ζ ·Kl
1;n
Nr(ug1−ǫc(g2n+1)) Nr(g2+c(g2n))···Nr(gn+c(gn+2)) Tr(gn+1)/u
(ψ).
Proof. Note that the simple affine components of −N (ϕǫ−1ug) are given by(
g2 + c(g2n), g3 + c(g2n−1), . . . , g2n + c(g2), ǫu
−1g2n+1 + c(g1), ǫ
−1ug1 − c(g2n+1)
)
,
and the affine genericity of N (g) means that none of them is zero.
From Lemma 3.11, the index set of the twisted character formula (Theorem
3.2) is finite, and given by T ′′G2n+1(q) from Lemma 3.12. Thus, by noting that the
element ϕ−1ǫ−1yϕǫ−1ugθ(y)
−1 belongs to
diag(u, . . . , u)IG+
2n+1
and that the character ω is trivial on k×, we can compute the twisted character as
follows:
Θ
G2n+1
ω,ǫ,ζ,θ(ϕǫ−1ug) =
∑
y∈T ′′
G2n+1
(q)
χ
G2n+1
ω,ǫ,ζ (ϕǫ−1) · χ
G2n+1
ω,ǫ,ζ
(
ϕ−1ǫ−1yϕǫ−1ugθ(y)
−1
)
= ζω(u)
∑
t1,...,t2n+1∈k˜
×
tic(t2n+1−i)=u
t2n+1=1
ψ˜
Å
t2n+1c(t2n)ug1
u
+ · · ·+
t2n−1c(t1)g2n
u
+ ǫ
t2nc(t2n+1)g2n+1
u
ã
= ζ
∑
t1,...,tn∈k˜×
ψ˜
Å
u
t1
g1 + · · ·+ c
Å
t1
t2
ã
g2n + ǫ
g2n+1
c(t1)
ã
= ζ
∑
t1,...,tn∈k˜×
ψ˜
Å
1
t1
(
ug1 − ǫc(g2n+1)
)
+
t1
t2
(
g2 + c(g2n)
)
+ · · ·+
Nr(tn)
u
gn+1
ã
= ζ ·Kl1;nNr(ug1−ǫc(g2n+1))Nr(g2+c(g2n))···Nr(gn+c(gn+2)) Tr(gn+1)/u(ψ).

3.3. The case of UN . Let (ω
′, b) ∈ SSC(UN ), and we consider the corresponding
simple supercuspidal representation πUNω′,b.
We compute the character of πUNω′,b at an affine generic element h ∈ I
+
UN
∩UrsN (F ).
Lemma 3.15. Let h ∈ I+UN be an affine generic element. If y ∈ UN (F ) satisfies
yhy−1 ∈ ZUN I
+
UN
, then y ∈ IUN .
Proof. If yhy−1 belongs to ZUN I
+
UN
⊂ IUN , then y lies in NUN (F )(IUN ) = IUN by
Lemma 3.6. 
Proposition 3.16 (Even case: N = 2n). Let h ∈ I+U2n ∩ U
rs
2n(F ) be an affine
generic element with its simple affine components (h1, . . . , hn−1, hn, h0). Then we
have
ΘU2nω′,b(h) = −Kl
0;n
Nr(h1)···Nr(hn−1)hnh0b
(ψ).
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Proof. We fix a set [k˜×/k˜1] ⊂ k˜× of representatives of k˜×/k˜1. Then, by Lemma
3.15, the index set of the character formula (Theorem 3.1) is finite and represented
by
T ′U2n(q) := {diag(t1, . . . , tn, c(tn)
−1, . . . , c(t1)
−1) | t1, . . . , tn−1 ∈ k˜
×, tn ∈ [k˜
×/k˜1]}.
Therefore, by noting that we have
k˜×/k˜1 ∼= k; z 7→ Nr(z) = zc(z),
we can compute the character as follows:
ΘU2nω′,b(h) =
∑
t∈T ′
U2n
(q)
χU2nω′,b(tht
−1)
=
∑
t1,...,tn−1∈k˜
×
tn∈[k˜
×/k˜1]
ψ˜
Å
t1
t2
h1 + · · ·+
tn−1
tn
hn−1
ã
· ψ
Å
Nr(tn)hn +
b
Nr(t1)
h0
ã
=
∑
t1,...,tn−1∈k˜
×
tn∈[k˜
×/k˜1]
ψ˜
Å
t1
t2
h1 + · · ·+
tn−1
1
hn−1
ã
· ψ
Å
Nr(tn)hn +
b
Nr(t1tn)
h0
ã
=
∑
t1,...,tn−1∈k˜
×
sn∈k
×
ψ˜
Å
t1
t2
h1 + · · ·+
tn−1
1
hn−1
ã
· ψ
Å
snhn +
b
Nr(t1)sn
h0
ã
= Kl2;n−1Nr(h1)···Nr(hn−1)hnh0b(ψ).
Here, we replaced ti with titn in the third equality. Finally, from Lemma 3.5, the
right-hand side of the above equalities is equal to
−Kl0;nNr(h1)···Nr(hn−1)hnh0b(ψ).

Proposition 3.17 (Odd case: N = 2n + 1). Let h ∈ I+U2n+1 ∩ U
rs
2n+1(F ) be an
affine generic element with its simple affine components (h1, . . . , hn, h0). Then we
have
Θ
U2n+1
ω′,b (h) = Kl
1;n
Nr(h1)···Nr(hn)h0b
(ψ).
Proof. From Lemma 3.15, the index set of the character formula (Theorem 3.1) is
finite and represented by
T ′U2n+1(q) := {diag(t1, . . . , tn, 1, c(tn)
−1, . . . , c(t1)
−1) | t1, . . . , tn ∈ k˜
×}.
Thus we get
Θ
U2n+1
ω′,b (h) =
∑
t∈T ′
U2n+1
(q)
χ
U2n+1
ω′,b (tht
−1)
=
∑
t1,...,tn∈k˜×
ψ˜
Å
t1
t2
h1 + · · ·+
tn
1
hn
ã
· ψ
Å
b
Nr(t1)
h0
ã
= Kl1;nNr(h1)···Nr(hn)h0b(ψ).

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4. Twisted endoscopy for GN
4.1. Simple endoscopic data. Recall that we set
GN = ResE/F GLN ,
and define the automorphism θ of G over F by
θ(g) = JN
tc(g)−1J−1N .
Then we have
ĜN = GLN (C)×GLN (C),
and the Weil group WF and the dual automorphism θˆ to θ act on ĜN by the
following way:
• For w ∈WF and (g, h) ∈ GLN (C)×GLN (C),
w(g, h) =
®
(g, h) for w ∈WE ,
(h, g) for w ∈WF \WE .
• For (g, h) ∈ GLN (C)×GLN (C),
θˆ(g, h) = (JN
th−1J−1N , JN
tg−1J−1N ).
On the other hand, we have
ÛN = GLN (C),
and an element w ∈WF acts on g ∈ ÛN by
w(g) =
®
g for w ∈ WE ,
JN
tg−1J−1N for w ∈ WF \WE .
In this paper, we consider the endoscopy of the following two types:
(1) The standard base change embedding: We define an L-embedding
ξ+1 :
LUN →֒
LGN
as follows:
g ⋊ 1 7→ (g, JN
tg−1J−1N )⋊ 1,
1⋊ w 7→ (IN , IN )⋊ w, for w ∈WF .
Then (UN ,
LUN , s = 1, ξ+1) are endoscopic data for the triplet (GN , θ, 1).
(2) The twisted base change embedding: We fix wc ∈ WF \ WE . We
define a character χ on E× by
χ(x) := (−1)val(x).
Then this character is unramified, and χ|F× is quadratic. We regard χ
also as a character of WE via the local class field theory. By using this
character, we define an L-embedding
ξ−1 :
LUN →֒
LGN
as follows:
g ⋊ 1 7→ (g, JN
tg−1J−1N )⋊ 1,
1⋊ σ 7→ (χ(σ)IN , χ(σ)
−1IN )⋊ σ, for σ ∈WE ,
1⋊ wc 7→ (−IN , IN )⋊ wc.
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Then (UN ,
LUN , s = 1, ξ−1) are endoscopic data for the triplet (GN , θ, 1).
In fact, there are only these two kinds of simple (in the sense of Arthur) endoscopic
data for GN up to equivalence (see Section 4.7 in [Rog90]).
4.2. Norm correspondences. We recall the norm correspondence for twisted en-
doscopy in [KS99]. From the endoscopic data defined in the previous subsection,
we get a map
AUN/GN : Clss(UN )→ Clθ-ss(GN , θ)
from the set of semisimple conjugacy classes in UN (F ) to the set of θ-semisimple
θ-conjugacy classes in GN (F ) (see Section 3.3 in [KS99]). Here note that this map
is made from the restriction of the L-embedding ξκ to ÛN , hence does not depend
on κ.
Let Gθ-srsN (F ) be the set of strongly θ-regular θ-semisimple elements in GN (F ),
and UsrsN (F ) the set of strongly regular semisimple elements in UN (F ). We say that
y ∈ UsrsN (F ) is a norm of x ∈ G
θ-srs
N (F ) if x corresponds to y via the map AUN/GN .
Let us recall that this map is described explicitly in terms of the diagonal maximal
tori considered in Sections 2.2 and 2.3. We fix the isomorphisms as follows:
GN (F )⊗F F ∼= GLN (F )×GLN (F )
g ⊗ a 7→
(
ga, c(g)a
)
, and
UN (F )⊗F F ∼= GLN (F )
h⊗ b 7→ hb.
Then the groups TGN (F ) and TUN (F ) are identified with subgroups of diagonal
matrices in GLN(F )×GLN (F ) and GLN (F ) under the above isomorphisms, respec-
tively. In the right-hand side of the first isomorphism, the involution θ is described
as follows:
θ(g1, g2) = (JN
tg−12 J
−1
N , JN
tg−11 J
−1
N ).
In particular, the action of θ on TGN is given by
θ
(
diag(t1, . . . , tN ), diag(s1, . . . , sN)
)
=
(
diag(s−1N , . . . , s
−1
1 ), diag(t
−1
N , . . . , t
−1
1 )
)
,
and we have
AUN/GN : Clss(UN )
∼= TUN (F )/ΩTUN
∼= TGN ,θ(F )/Ω
θ
TGN
∼= Clθ-ss(GN , θ)
diag
Å
t1
sN
, . . . ,
tN
s1
ã
↔
(
diag(t1, . . . , tN ), diag(s1, . . . , sN)
)
,
where ΩTUN is the Weyl group of TUN in UN , Ω
θ
TGN
is the θ-fixed part of the Weyl
group of TGN in GN , and TGN ,θ is the θ-coinvariant of TGN . We remark that,
as indicated in the above isomorphisms, Ωθ
TGN
can be identified with ΩTUN by
noting that UN is equal to G
θ
N (see, for example, [KS99, Section 1.1] for a general
explanation of this identification). From this description, we get the following
lemma:
Lemma 4.1. Let γ ∈ UsrsN (F ) and δ ∈ G
θ-srs
N (F ) such that γ is a norm of δ. Then,
for z ∈ E×, we have z/c(z) · γ ∈ UsrsN (F ) and zδ ∈ G
θ-srs
N (F ). Moreover, z/c(z) · γ
is a norm of zδ.
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Proof. Recall that γ ∈ UN (F ) is said to be strongly regular semisimple if its cen-
tralizer in UN is a maximal torus of UN , and that δ ∈ GN (F ) is said to be strongly
θ-regular θ-semisimple if its θ-centralizer in GN is abelian. Then the first asser-
tion is trivial because a scalar-multiple does not affect (θ-)centralizers. The second
assertion follows from the above explicit description of the map AUN/GN . 
In the same manner as Proposition 4.7 in [Oi16], we get the following proposition:
Proposition 4.2. Let h ∈ I+UN ⊂ UN (F ) be an affine generic element. Then h
is strongly regular semisimple elliptic, and there exists g ∈ GN (F ) satisfying the
following conditions:
• g is strongly θ-regular θ-semisimple θ-elliptic, and
• h = N (g), in particular h is a norm of g.
4.3. Transfer factors. In this subsection, we show that Kottwitz–Shelstad’s trans-
fer for the standard base change embedding ξ+1 is trivial. We fix the following
θ-stable Whittaker datum (BGN , λGN ) of GN :
• BGN is the subgroup of upper triangular matrices in GN , and
• λGN is the character of the unipotent radical UGN of BGN defined by
λGN (x) := ψ ◦ TrE/F (x12 + · · ·+ xN−1,N ) for x = (xij) ∈ UGN .
Then we have the normalized transfer factor ∆UN ,GN for GN and UN with respect
to (BGN , λGN ) (see Section 5.3 in [KS99]). This is a function
∆UN ,GN : U
srs
N (F )×G
θ-srs
N (F )→ C,
which has the following properties.
• The value ∆UN ,GN (h, g) is nonzero only if h is a norm of g.
• If h1, h2 ∈ UsrsN (F ) are stably conjugate, then ∆UN ,GN (h1, g) = ∆UN ,GN (h2, g).
• If g1, g2 ∈ Gθ-srsN (F ) are θ-conjugate, then ∆UN ,GN (h, g1) = ∆UN ,GN (h, g2).
Recall that the transfer factor ∆UN ,GN is defined as the product of ∆I, ∆II, ∆III,
∆IV, and the ratio of the root numbers of the root data for GN and UN .
However, by using Waldspurger’s formula for the transfer factors for classical
groups ([Wal10, 1.10 Proposition]), we know that the product of the three factors
∆I, ∆II, and ∆III is trivial. Indeed, in the notation of [Wal10], only H
−-part of the
endoscopic group H = H+ ×H− of GN contributes to the product ∆I ·∆II ·∆III
nontrivially. However, in our setting, the H−-part is trivial and we haveH = H+ =
UN (see [Wal10, 1.8 and 1.10] for details).
Moreover, from the same argument as in Lemma 4.10 in [Oi16], we can check
the triviality of ∆IV directly.
Finally, we can also check the triviality of the ratio of the root numbers. Namely,
we have
εUN ,GN :=
ε
(
1
2 , X
∗(TGN )
θ ⊗Z C, ψ
)
ε
(
1
2 , X
∗(TUN )⊗Z C, ψ
) = 1,
since we have X∗(TGN )
θ ∼= X∗(TGN ,θ) and TGN ,θ ∼= TUN (∼= ResE/FG
N
m).
In summary, we get the following:
Proposition 4.3. Let h ∈ UsrsN (F ) and g ∈ G
θ-srs
N (F ). If h is a norm of g, then
the transfer factor ∆UN ,GN (h, g) is equal to 1.
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4.4. Conjugate self-dual L-parameters. We denote by Φ(GLN,E) and Φ(GN )
the sets of equivalence classes of L-parameters of GLN over E and GN , respectively.
We fix wc ∈WF \WE and define a map φ 7→ φ′ from Φ(GLN,E) to Φ(GN ) as:
φ′ : WF × SL2(C)→
(
GLN (C)×GLN (C)
)
⋊WF =
LGN
σ 7→
(
φ(σ), φ(w−1c σwc)
)
⋊ σ for σ ∈WE ,
wc 7→
(
φ(w2c ), IN
)
⋊ wc,
g 7→
(
φ(g), φ(g)
)
⋊ 1 for g ∈ SL2(C).
Here we regard φ ∈ Φ(GLN,E) as an N -dimensional representation ofWE×SL2(C).
Then this map is bijective and independent of the choice of wc (see Section 4.7 in
[Rog90] or Section 2.2 in [Mok15]). We often identify Φ(GLN,E) with Φ(GN ) via
this map.
Definition 4.4. (1) We say that an L-parameter φ ∈ Φ(GN ) is conjugate self-
dual if φ∨ is equivalent to φc as N -dimensional representations of WE ×
SL2(C), where
φ∨(σ) := tφ(σ)−1, and
φc(σ) := φ(w−1c σwc).
(2) We say that a conjugate self-dual L-parameter φ ∈ Φ(GN ) has parity η ∈
{±1} if there exists A ∈ GLN (C) such that
tφc(σ) · A · φ(σ) = A and tA = η · A · φ(w2c ).
Note that, if a conjugate self-dual L-parameter φ ∈ Φ(GN ) is irreducible, then
it has its parity as a consequence of Schur’s lemma.
Next we consider the group UN . Let Φ(UN ) be the set of equivalence classes of
L-parameters of UN and ξ = ξκ the L-embedding defined in Section 4.1 for κ = ±1.
Then we get a map
ξκ,∗ : Φ(UN )→ Φ(GN ); φ 7→ ξκ ◦ φ.
The image of this map is described as follows:
Lemma 4.5. (1) The map ξκ,∗ is injective and its image is the set of conjugate
self-dual L-parameters of GN with parity (−1)N−1κ.
(2) Let φ ∈ Φ(UN ) and φκ := ξκ,∗(φ). We denote by πφκ the irreducible smooth
representation of GLN (E) which corresponds to φκ via the local Langlands
correspondence for GLN (E). Then we have πφ−1 = πφ+1 ⊗ (χ ◦ det).
Proof. The first assertion is Lemma 2.2.1 in [Mok15]. The second assertion follows
easily from the definition of the above bijection Φ(GN ) ∼= Φ(GLN,E) and a property
of the local Langlands correspondence for GLN . 
Lemma 4.6. Let (ω, a, ζ) ∈ SSCθ(GN ). Then we have
πGNω,a,ζ
∼= πGNω,a,−ζ ⊗ (χ ◦ det),
where χ = (−1)val is the character of E×.
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Proof. By the Frobenius reciprocity, we have
HomGN (F )
(
πGNω,a,ζ , π
GN
ω,a,−ζ ⊗ (χ ◦ det)
)
∼= HomZGN I
+
GN
〈ϕ
a−1〉
(
χGNω,a,ζ , π
GN
ω,a,−ζ ⊗ (χ ◦ det)
)
∼= HomZGN I
+
GN
〈ϕ
a−1〉
(
χGNω,a,ζ ⊗ (χ
−1 ◦ det), πGNω,a,−ζ
)
= HomZGN I
+
GN
〈ϕ
a−1〉
(
χGNω,a,−ζ , π
GN
ω,a,−ζ
)
6= 0.
Since πGNω,a,ζ and π
GN
ω,a,−ζ ⊗ (χ ◦ det) are irreducible, they are equivalent. 
4.5. Endoscopic character relation. We first recall the endoscopic classification
of representations of unitary groups in [Mok15].
For φ ∈ Φ(UN ), we set
Sφ := Cent”UN (Im(φ)), and
Sφ := Sφ/S
0
φZ(ÛN )
WF .
Theorem 4.7 ([Mok15, Theorems 2.5.1 and 3.2.1]). For every tempered L-parameter
φ ∈ Φ(UN ), there is a finite set Π
UN
φ consisting of irreducible tempered representa-
tions of UN (F ), and the following properties hold.
• There is a bijection from ΠUNφ to the group Ŝφ of characters of Sφ (depending
on a choice of Whittaker data for UN ).
• The sum of the characters of the representations belonging to ΠUNφ is stable.
• Let φκ := ξκ,∗(φ) and πGNκ be the corresponding conjugate self-dual super-
cuspidal representation of GN (F ). Then, for every g ∈ Gθ-srsN (F ), we have
the following equality:
ΘGNφ,κ,θ(g) =
∑
h 7→g/∼
DUN (h)
2
DGN ,θ(g)
2
∆UN ,GN (h, g)
∑
π∈Π
UN
φ
Θπ(h).
Here,
– the sum is over stable conjugacy classes of norms h ∈ UsrsN (F ) of g,
– ΘGNφ,κ,θ is the θ-twisted character of π
GN
κ normalized via a fixed θ-stable
Whittaker data (see Remark 3.3),
– DUN (h) (resp. DGN ,θ(g)) is the Weyl discriminant for h (resp. the
θ-twisted Weyl discriminant for g), and
– ∆UN ,GN is the Kottwitz–Shelstad transfer factor (with respect to ξκ)
normalized via a fixed θ-stable Whittaker data.
Here we note, in [Mok15, Theorem 3.2.1], the above relation of characters are
stated in terms of the distribution characters. However, we can rewrite it as an
equality of characters (i.e., functions on the sets of strongly regular semisimple ele-
ments of UN(F ) and GN (F )) by using Weyl’s integration formula (e.g., see Section
5 in [Li13]).
Let π be a conjugate self-dual irreducible supercuspidal representation of GN (F )
such that the parity of the corresponding L-parameter φπ is given by (−1)N−1κ.
From Lemma 4.5 (1), φ′π factors through the L-embedding ξκ. We write φ for the
L-parameter of UN such that φ
′
π = ξκ ◦ φ. Then, by Theorem 4.7, we get a finite
set ΠUNφ consisting of irreducible representations of UN (F ).
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Since π is supercuspidal, its L-parameter φπ is irreducible as a representation of
WE×SL2(C). Therefore Cent”GN (Im(φ′π)) ⊂ GLN (C)×GLN (C) consists of pairs of
scalar matrices. Thus Cent”UN (Im(φ)) consists of scalar matrices. Hence the group
Sφ is trivial and Π
UN
φ is a singleton by Theorem 4.7.
Moreover, since the L-packet ΠUNφ contains a supercuspidal representation by
[Mœg07, 8.4.4 The´ore`me], the unique representation in ΠUNφ is supercuspidal. We
denote it by πUN and say that πUN is associated to π. We remark that the character
ΘπUN of πUN is stable by Theorem 4.7.
π oo
LLC for GLN///o/o/o WF × SL2(C)
φ
%%▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
φ′pi // LGN
ΠUNφ = {πUN }
ooTheorem 4.7///o/o/o LUN
?
ξκ
OO
We can simplify this equality by noting the bijectivity of AUN/GN and the triv-
iality of the transfer factor ∆UN ,GN :
Corollary 4.8. Let π be a conjugate self-dual irreducible supercuspidal representa-
tion of GN (F ). We suppose that the parity of the L-parameter φπ of π is (−1)N−1
(i.e., φ′π factors through the standard base change L-embedding ξ+1). Let πUN be
the irreducible supercuspidal representation of UN (F ) associated to π in the above
manner. Let g ∈ Gθ-srsN (F ) and h ∈ U
srs
N (F ) such that h is a norm of g. Then we
have
Θπ,θ(g) = ΘπUN (h).
Proof. Since the map AUN/GN is bijective, every element of G
θ-srs
N (F ) has at most
one norm in UsrsN (F ) up to stable conjugacy. On the other hand, for (h, g), the
transfer factor is trivial by Proposition 4.3. Moreover, also DUN (h)/DGN ,θ(g) is
trivial since this equals ∆IV(h, g)
−1. Therefore, by combining these observations
with Theorem 4.7, we get the assertion. 
5. Endoscopic lifting of simple supercuspidal representations
5.1. Norms of 1 + ϕu˜ and ϕu˜(1 + ϕu˜). We first introduce two technical lemmas
about the θ-semisimplicity and θ-regularity of elements of GN (F ). These lemmas
can be shown by the same arguments as in [Oi16, Lemma 4.3] and [Oi16, Lemma
4.11]:
Lemma 5.1. Let x be a θ-semisimple element in GN (F ) and y a semisimple ele-
ment in UN (F ) which corresponds to x via AUN/GN . If N (x) = xθ(x) ∈ GN (F ) is
regular, then x is strongly θ-regular and y is strongly regular.
Lemma 5.2. Let g ∈ GN (F ) be a semisimple element such that N (g) = gθ(g) is
regular semisimple. If gθ(g) = θ(g)g, then g is θ-semisimple.
Now let u˜ be an element of®
k× if N = 2n
(k˜0)× if N = 2n+ 1,
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and we consider the following matrices:
1 + ϕu˜ =
à
1 1
1
. . .
. . . 1
̟u˜ 1
í
∈ I+GN ⊂ GN (F ), and
N (1 + ϕu˜) = (1 −̟u˜)
−1
à
1 +̟u˜ 2 . . . 2
2̟u˜
. . .
. . .
...
...
. . .
. . . 2
2̟u˜ . . . 2̟u˜ 1 +̟u˜
í
∈ I+UN ⊂ UN (F ).
Note that these are affine generic elements.
Proposition 5.3. The element 1+ϕu˜ ∈ GN (F ) is strongly θ-regular θ-semisimple
and N (1 + ϕu˜) ∈ UN (F ) is strongly regular semisimple. Moreover, N (1 + ϕu˜) is a
norm of 1 + ϕu˜.
Proof. We first show that 1+ϕu˜ is θ-semisimple. As the characteristic polynomial
of an affine generic element is Eisenstein over E (see, e.g., Lemma 7.5 in [Oi18]),
1 + ϕu˜ has N distinct eigenvalues. In particular, 1 + ϕu˜ is semisimple. Since
θ(1 + ϕu˜) = JN (1 +
tc(ϕu˜))
−1J−1N
= JN (1−
tϕ(−1)N u˜ +
tϕ2(−1)N u˜ − · · · )J
−1
N
= 1 + ϕu˜ + ϕ
2
u˜ + · · · ,
1+ϕu˜ commutes with θ(1 +ϕu˜). Moreover, since the residual characteristic is not
equal to 2, N (1 + ϕu˜) is an affine generic element of GN (F ). Hence N (1 + ϕu˜) is
regular semisimple from the same reason as 1+ϕu˜. Therefore 1+ϕu˜ is θ-semisimple
by Lemma 5.2.
By the definition of AUN/GN , N (1 + ϕu˜) corresponds to 1 + ϕu˜ via AUN/GN .
Then 1 + ϕu˜ is strongly θ-regular and N (1 + ϕu˜) is strongly regular by Lemma
5.1. 
Next we consider the following elements:
ϕu˜(1 + ϕu˜) ∈ GN (F ), and
N
(
ϕu˜(1 + ϕu˜)
)
=
(
ϕu˜(1 + ϕu˜)
)
· θ
(
ϕu˜(1 + ϕu˜)
)
= −N (1 + ϕu˜) ∈ UN (F ).
Proposition 5.4. The element ϕu˜(1 + ϕu˜) ∈ GN (F ) is strongly θ-regular θ-
semisimple and −N (1 + ϕu˜) ∈ UN (F ) is strongly regular semisimple. Moreover,
−N (1 + ϕu˜) is a norm of ϕu˜(1 + ϕu˜).
Proof. By the same argument in the proof of Proposition 5.3, we only have to show
that ϕu˜(1 + ϕu˜) is θ-semisimple. Since 1 + ϕu˜ is semisimple by the proof of the
previous proposition, it can be diagonalized in GN (F ). Hence so is ϕu˜. As ϕu˜
commutes with 1 + ϕu˜, also ϕu˜(1 + ϕu˜) can be diagonalized. Thus ϕu˜(1 + ϕu˜) is a
semisimple element. Since
θ
(
ϕu˜(1 + ϕu˜)
)
= θ(ϕu˜)θ(1 + ϕu˜)
= −ϕ−1u˜ (1 + ϕu˜ + ϕ
2
u˜ + · · · ),
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ϕu˜(1 + ϕu˜) commutes with θ(ϕu˜(1 + ϕu˜)). Finally, as
N
(
ϕu˜(1 + ϕu˜)
)
= −N (1 + ϕu˜)
is regular semisimple by the proof of Proposition 5.3, ϕu˜(1 + ϕu˜) is θ-semisimple
by Lemma 5.2. 
5.2. Parity of simple supercuspidal representations. Let (ω, a, ζ) ∈ SSCθ(GN ).
From Lemmas 4.5 and 4.6, we know that the parity of the L-parameter πGNω,a,1 is
different from that of πGNω,a,−1. In this subsection, we determine the parity of these
parameters. We first consider the case where
a =
®
1 if N = 2n,
ǫ if N = 2n+ 1.
Let ζω ∈ {±1} such that the parity of the L-parameter of π
GN
ω,a,ζω
is (−1)N−1.
Then the L-parameter of πGNω,a,ζω factors through the standard base change embed-
ding ξ+1 by Lemma 4.5. Let πUN be the supercuspidal representation of UN (F )
which is associated to πGNω,a,ζω .
Let u˜ be an element of ®
k× if N = 2n,
(k˜0)× if N = 2n+ 1.
Proposition 5.5. For z ∈ O×E , we have
ΘπUN
(
z/c(z) · N (1 + ϕu˜)
)
= ΘGNω,a,ζω,θ
(
z(1 + ϕu˜)
)
=
®
−ω(z) ·Kl0;n22nu˜(ψ) if N = 2n,
ω(z) ·Kl1;n22n+1ǫu˜(ψ) if N = 2n+ 1.
Proof. By Proposition 5.3 and Lemma 4.1, z/c(z) · N (1 + ϕu˜) ∈ UsrsN (F ) is a norm
of z(1 + ϕu˜) ∈ G
θ-srs
N (F ). Therefore, by Corollary 4.8, we have
ΘGNω,a,ζω,θ
(
z(1 + ϕu˜)
)
= ΘπUN
(
z/c(z) · N (1 + ϕu˜)
)
.
On the other hand, since we have ωGNω,a,ζω(z) = ω(z), where ω
GN
ω,a,ζω
is the central
character of πGNω,a,ζω , we get
ΘGNω,a,ζω,θ
(
z(1 + ϕu˜)
)
= ω(z) ·ΘGNω,a,ζω,θ(1 + ϕu˜).
Here we note that, since the Whittaker normalization coincides with the nor-
malization used in Section 3 (see Remark 3.3), we can apply the computations in
Section 3 to the right-hand sides of the above equalities. Since N (1 + ϕu˜) is an
affine generic element of GN (F ), 1 + ϕu˜ satisfies the assumptions of Propositions
3.9 and 3.10. As the simple affine components of 1 + ϕu˜ are given by (1, . . . , 1, u˜),
we have
ΘGNω,a,ζω,θ(1 + ϕu˜) =
®
−Kl0;n22nu˜(ψ) if N = 2n,
Kl1;n22n+1ǫu˜(ψ) if N = 2n+ 1.

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Proposition 5.6. We have
ΘπUN
(
−N (1 + ϕu˜)
)
= ΘGNω,a,ζω,θ
(
ϕu˜(1 + ϕu˜)
)
= ζω ·
®
Kl0;n22nu˜(ψ) if N = 2n,
Kl1;n22n+1ǫu˜(ψ) if N = 2n+ 1.
Proof. By Proposition 5.4, −N (1 + ϕu˜) ∈ U
srs
N (F ) is a norm of ϕu˜(1 + ϕu˜) ∈
Gθ-srsN (F ). Therefore, by Corollary 4.8, we have
ΘGNω,a,ζω,θ
(
ϕu˜(1 + ϕu˜)
)
= ΘπUN
(
−N (1 + ϕu˜)
)
.
Since 1+ϕu˜ satisfies the assumptions of Propositions 3.13 and 3.14 and the simple
affine components of 1 + ϕu˜ are given by (1, . . . , 1, u˜), we have
ΘGNω,a,ζω,θ
(
ϕu˜(1 + ϕu˜)
)
= ζω ·
®
Kl0;n22nu˜(ψ) if N = 2n,
Kl1;n22n+1ǫu˜(ψ) if N = 2n+ 1.

Corollary 5.7. We have ζω = (−1)N−1ω(ǫ).
Proof. By applying Propositions 5.5 and 5.6 to z = ǫ, for any u˜, we have®
−ω(ǫ) ·Kl0;n22nu˜(ψ) = ζω ·Kl
0;n
22nu˜(ψ) if N = 2n,
ω(ǫ) ·Kl1;n22n+1ǫu˜(ψ) = ζω ·Kl
1;n
22n+1ǫu˜(ψ) if N = 2n+ 1.
Since there exists a u˜ such that the Kloosterman sum does not vanish (see, e.g.,
[Oi18, Proposition A.2]), we get ζω = (−1)N−1ω(ǫ). 
Finally, by replacing the fixed uniformizer ̟ with its scalar multiple by k×, we
can conclude that the parity of the L-parameter of πGNω,a,ζω is (−1)
N−1 for any a.
5.3. Existence of I++UN -fixed vector. We again put
a =
®
1 if N = 2n,
ǫ if N = 2n+ 1,
and consider the simple supercuspidal representation πGNω,a,ζω . Let πUN be the irre-
ducible supercuspidal representation of UN (F ) associated to π
GN
ω,a,ζω
.
Lemma 5.8. Let h ∈ UN (F ) be an affine generic element with its simple affine
components (h1, . . . , hn, h0). Then ΘπUN (h) is equal to either 0 or{
−Kl0;nNr(h1)···Nr(hn−1)hnh0(ψ) if N = 2n,
Kl1;nNr(h1)···Nr(hn)h0ǫ(ψ) if N = 2n+ 1.
Proof. For such h, we take g ∈ GN (F ) satisfying the conditions in Proposition 4.2
(in particular, we have N (g) = h). Since h ∈ UsrsN (F ), g ∈ G
θ-srs
N (F ), and h is a
norm of g, we have
ΘGNω,a,ζω,θ(g) = ΘπUN (h)
by Corollary 4.8 (note that, from the results of Section 5.2, πGNω,a,ζω is the endoscopic
lift of πUN via the standard base change embedding ξ+1). We compute the left-hand
side of this equality.
28
If there is no x ∈ GN (F ) such that xgθ(x)−1 ∈ ZGN I
+
GN
〈ϕa−1〉, then, by the
twisted character formula (Theorem 3.2), we have
ΘGNω,a,ζω,θ(g) = 0.
Let us consider the case where there exists x ∈ GN (F ) such that
xgθ(x)−1 ∈ ZGN I
+
GN
〈ϕa−1〉.
By Lemma 3.7, we may assume x ∈ TGN (q). Since we have θ(ϕa−1) = −ϕ
−1
a−1 and
ϕa−1 normalizes I
+
GN
, we have
ϕka−1xgθ(ϕ
k
a−1x)
−1 ∈ ZGN (q)I
+
GN
⊔ ZGN (q)I
+
GN
ϕa−1
for some k ∈ Z.
We first consider the case where ϕka−1xgθ(ϕ
k
a−1x)
−1 ∈ ZGN (q)I
+
GN
. We take
z ∈ ZGN (q) and g0 ∈ I
+
GN
such that ϕka−1xgθ(ϕ
k
a−1x)
−1 = zg0. Then we have
N
(
ϕka−1xgθ(ϕ
k
a−1x)
−1
)
= ϕka−1xN (g)(ϕ
k
a−1x)
−1
= z/c(z) · N (g0).
On the other hand, since N (g) = h belongs to I+UN ⊂ I
+
GN
, we have
ϕka−1xN (g)(ϕ
k
a−1x)
−1 ∈ I+GN .
Hence we know that z/c(z) ∈ 1 + pE by comparing the diagonal parts. Therefore
we have
z ∈ k× ⊂ k˜× ∼= ZGN (q).
In particular, since ω is conjugate self-dual, we have ωGNω,a,ζω(z) = 1, where ω
GN
ω,a,ζω
is the central character of πGNω,a,ζω . Thus we get
ΘGNω,a,ζω,θ(g) = Θ
GN
ω,a,ζω,θ
(
ϕka−1xgθ(ϕ
k
a−1x)
−1
)
= ΘGNω,a,ζω,θ(zg0) = Θ
GN
ω,a,ζω,θ
(g0).
Now we compute ΘGNω,a,ζω,θ(g0). We put x = diag(t1, . . . , tN ). Let (g1, . . . , gN) be
the simple affine components of g0. Then the simple affine components of
N (zg0) = z/c(z) · N (g0)
are given by (
g1 + c(gN−1), . . . , gN−1 + c(g1), gN + (−1)
Nc(gN )
)
.
On the other hand, since the simple affine components of N (g) = h as an element
of GN (F ) are given by®(
h1, . . . , hn−1, hn, c(hn−1), . . . , c(h1), h0
)
if N = 2n,(
h1, . . . , hn, c(hn), . . . , c(h1), h0
)
if N = 2n+ 1,
those of N (zg0) = ϕka−1xN (g)(ϕ
k
a−1x)
−1 are the termwise product of (1, . . . , 1, a−1)
and some cyclic permutation ofÅ
t1
t2
h1, . . . ,
tN−1
tN
c(h1), a
tN
t1
h0
ã
.
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Therefore g0 satisfies the assumptions of Propositions 3.9 and 3.10, and we have
ΘGNω,a,ζω,θ(g0) =
{
−Kl0;nNr(g1+c(g2n−1))···Nr(gn−1+c(gn+1)) Tr(gn) Tr(g2n)(ψ) if N = 2n,
Kl1;nNr(g1+c(g2n))···Nr(gn+c(gn+1)) Tr(ǫg2n+1)(ψ) if N = 2n+ 1,
=
{
−Kl0;nNr(h1)···Nr(hn−1)hnh0(ψ) if N = 2n,
Kl1;nNr(h1)···Nr(hn)h0ǫ(ψ) if N = 2n+ 1.
We next consider the case where ϕka−1xgθ(ϕ
k
a−1x)
−1 ∈ ZGN (q)I
+
GN
ϕa−1 . We take
z ∈ ZGN (q) and g0 ∈ I
+
GN
such that ϕka−1xgθ(ϕ
k
a−1x)
−1 = zϕa−1g0. Then we have
N
(
ϕka−1xgθ(ϕ
k
a−1x)
−1
)
= ϕka−1xN (g)(ϕ
k
a−1x)
−1
= z/c(z) · N (ϕa−1g0).
Hence we know that z/c(z) ∈ −(1+pE) by comparing the diagonal parts. Therefore
we have
z ∈ ǫk× ⊂ k˜× ∼= ZGN (q).
Since ω is conjugate self-dual, we have ωGNω,a,ζω(z) = ω(ǫ). Thus we get
ΘGNω,a,ζω,θ(g) = Θ
GN
ω,a,ζω,θ
(zϕa−1g0) = ω(ǫ) ·Θ
GN
ω,a,ζω,θ
(ϕa−1g0).
Now we compute ΘGNω,a,ζω,θ(ϕa−1g0). We again put x = diag(t1, . . . , tN), and let
(g1, . . . , gN ) be the simple affine components of g0. Then the simple affine compo-
nents of N (zϕa−1g0) = z/c(z) · N (ϕa−1g0) are given by(
g2 + c(gN−1), . . . , gN−1 + c(g2), agN + c(g1), a
−1g1 + (−1)
Nc(gN)
)
.
On the other hand the simple affine components ofN (zϕa−1g0) = ϕ
k
a−1xN (g)(ϕ
k
a−1x)
−1
are described in the same way as the previous case. Therefore g0 satisfies the as-
sumptions of Propositions 3.13 and 3.14 in the cases where u = 1, and we have
ΘGNω,a,ζω,θ(ϕa−1g0)
= ζω ·
{
Kl0;nNr(g1+c(g2n))···Nr(gn+c(gn+1))(ψ) if N = 2n,
Kl1;nNr(g1−ǫc(g2n+1))Nr(g2+c(g2n))···Nr(gn+c(gn+2)) Tr(gn+1)(ψ) if N = 2n+ 1.
= ζω ·
{
Kl0;nNr(h1)···Nr(hn−1)hnh0(ψ) if N = 2n,
Kl1;nNr(h1)···Nr(hn)h0ǫ(ψ) if N = 2n+ 1.
Finally, by combining Corollary 5.7 with the right-hand side of this equality, we get
the assertion. 
Corollary 5.9. The representation πUN has a nonzero I
++
UN
-fixed vector.
Proof. The assertion follows from the same argument in the proof of Corollary 5.9
in [Oi16]. More precisely, in the proof of Corollary 5.9 in [Oi16], by replacing
• [Oi16, Proposition 4.7] with Proposition 4.2,
• [Oi16, Lemma 5.8] with Lemma 5.8, and
• [Oi16, Corollary 5.6] with Proposition 5.5,
the same argument works for our situation. 
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5.4. Simple supercuspidality of πUN . Let π
GLN
ω,a,ζω
and πUN be as in the previous
subsection. In this subsection, we prove that πUN is simple supercuspidal.
Lemma 5.10. Let x be a hyperspecial point of the apartment A(UN ,SUN ) ∼=
X∗(SUN )⊗Z R given by®
0 or (eˇ1 + · · ·+ eˇn)/2 if N = 2n,
0 if N = 2n+ 1,
and UN,x the hyperspecial subgroup of UN (F ) associated to x. Let y ∈ UN (F ). If
y satisfies yhy−1 ∈ UN,x for an affine generic element h ∈ UN (F ), then y ∈ UN,x.
Proof. Before we begin to prove the assertion, we recall that the hyperspecial sub-
group UN,x attached to the hyperspecial point x as above can be described as
follows:
the case where x = 0:
UN,x = {h = (hij)ij ∈ UN (F ) | hij ∈ OE for every i, j},
the case where N = 2n and x = (eˇ1 + · · ·+ eˇn)/2:
UN,x =
ß
h =
Å
A ̟−1B
̟C D
ã
∈ UN (F )
∣∣∣∣A,B,C,D ∈Mn,n(OE)™,
where Mn,n(OE) is the set of n-by-n matrices whose entries belong to OE .
Let y ∈ UN (F ) satisfying yhy−1 ∈ UN,x for an affine generic element h ∈ I
+
UN
.
As affine genericity is preserved by IUN -conjugation, any element of UN,xyIUN
satisfies the same condition as y. It suffices to show UN,xyIUN ⊂ UN,x.
From the decomposition in [Ric16, Theorem 1.4], we have
UN,x\UN (F )/IUN ∼=
((
NSUN ∩ UN,x
)
/T 0UN
)∖(
NSUN /T
0
UN
)
,
where NSUN is the F -valued points of the normalizer NSUN of SUN in UN . The
right-hand side of this equality is represented by®{
diag(̟r1 , . . . , ̟rn , ̟−rn , . . . , ̟−r1) | r1, . . . , rn ∈ Z
}
if N = 2n,{
diag(̟r1 , . . . , ̟rn , 1, ̟−rn , . . . , ̟−r1) | r1, . . . , rn ∈ Z
}
if N = 2n+ 1.
Hence we may assume
y = diag(t1, . . . , tN ) =
®
diag(̟r1 , . . . , ̟rn , ̟−rn , . . . , ̟−r1) if N = 2n,
diag(̟r1 , . . . , ̟rn , 1, ̟−rn , . . . , ̟−r1) if N = 2n+ 1.
Since (yhy−1)ij = ti/tj · hij , and x equals either 0 or (eˇ1 + · · ·+ eˇn)/2, we have
the following inequalities:
r1 − r2 ≥ 0, . . . , rn−1 − rn ≥ 0,®
2rn ≥ −1 if N = 2n
rn ≥ 0 if N = 2n+ 1
, and − 2r1 ≥ −1.
Therefore (r1, . . . , rn) is equal to (0, . . . , 0).
Hence we have UN,xyIUN = UN,xIUN = UN,x, and this completes the proof. 
Proposition 5.11. The representation πUN is simple supercuspidal.
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Proof. We first note that I++UN is the (
1
N+)-th Moy–Prasad filtration of IUN . There-
fore, from Corollary 5.9, the depth of πUN is not greater than
1
N . Since
1
N is the
minimal positive depth of representations of UN (F ), we can conclude that πUN
is depth-zero or simple supercuspidal (see Corollary B.8 and Proposition B.10 in
[Oi18]). Thus our task is to eliminate the possibility that the depth of πUN is zero.
Let us suppose that πUN is depth-zero supercuspidal. Since every tempered L-
packet contains a generic representation with respect to a fixed Whittaker datum
(Corollary 9.2.4 in [Mok15]), πUN is generic. Then, by Lemma 6.1.2 in [DR09],
the generic depth-zero supercuspidal representation πUN can be obtained by the
compact induction of a representation of the reduction of the hyperspecial sub-
group UN,x of UN (F ) for some hyperspecial vertex x ∈ A(UN ,SUN ). Since every
hyperspecial vertex of the building B(UN ) of UN is conjugate to
A(UN ,SUN ) ∋
®
0 or (eˇ1 + · · ·+ eˇn)/2 if N = 2n,
0 if N = 2n+ 1,
we may assume x is one of them (see [Tit79, Section 4]).
Let U+N,x be the pro-unipotent radical of UN,x. Let πUN
∼= c-Ind
UN (F )
UN,x
ρ˙, where ρ˙
is the inflation of a representation ρ of UN,x/U
+
N,x to UN,x. Then, by the character
formula (Theorem 3.1), we have
ΘπUN
(
N (1 + ϕu˜)
)
=
∑
x∈UN,x\UN (F )/UN,x
∑
y∈UN,x\UN,xxUN,x
yN (1+ϕu˜)y
−1∈UN,x
tr ρ˙
(
yN (1 + ϕu˜)y
−1
)
for any u ∈ k×. Here, for u ∈ k×, we put
u˜ =
®
u if N = 2n,
uǫ−1 if N = 2n+ 1.
The index set of this sum consists of only one element by Lemma 5.10, and we have
ΘπUN
(
N (1 + ϕu˜)
)
= tr ρ˙
(
N (1 + ϕu˜)
)
.
We first consider the case where x = 0. Then the image of N (1 + ϕu˜) in
UN,x/U
+
N,x is independent of u˜. Hence the character ΘπUN (N (1 +ϕu˜)) is constant
on u ∈ k×. However we have
ΘπUN
(
N (1 + ϕu˜)
)
=
®
−Kl0;n22nu(ψ) if N = 2n,
Kl1;n22n+1u(ψ) if N = 2n+ 1,
by Proposition 5.5. In particular, this is not constant on u (see, e.g., [Oi18, Propo-
sition A.2]). This is a contradiction.
We next consider the case where x = (eˇ1+ · · ·+ eˇn)/2 (note that N = 2n in this
case). We take v ∈ k˜× such that Nr(v) = u˜, and set
t = diag
(
v, . . . , v, c(v)−1, . . . , c(v)−1
)
∈ UN,x.
Then we have
tN (1 + ϕu˜)t
−1 ≡ N (1 + ϕ1) (mod U
+
N,x).
Hence, by applying the character formula (Theorem 3.1) and Lemma 5.10 to tN (1+
ϕu˜)t
−1, we get
ΘπUN
(
N (1 + ϕu˜)
)
= ΘπUN
(
tN (1 + ϕu˜)t
−1
)
= tr ρ˙
(
N (1 + ϕ1)
)
.
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Thus the character ΘπUN (N (1+ϕu˜)) is constant on u ∈ k
×. This is a contradiction.

5.5. Main theorem.
Proposition 5.12. The representation πUN of UN (F ) associated to π
GN
ω,a,ζω
is given
by πUNω1,a. Here we regard ω also as a character on k˜
1 via the isomorphism z 7→
z/c(z) from k˜×/k× to k˜1, and denote it by ω1.
Proof. By replacing the fixed uniformizer ̟, we may assume that
a =
®
1 if N = 2n,
ǫ if N = 2n+ 1.
By Proposition 5.11, πUN is simple supercuspidal. We take ω
′ ∈ (k˜1)∨ and b ∈ k×
such that πUN
∼= πUNω′,ab. Our task is to determine b and ω
′.
For u ∈ k×, we put
u˜ =
®
u if N = 2n,
uǫ−1 if N = 2n+ 1.
Then we have
ΘπUN
(
N (1 + ϕu˜)
)
= ΘGNω,a,ζω,θ(1 + ϕu˜) =
®
−Kl0;n22nu(ψ) if N = 2n,
Kl1;n22n+1u(ψ) if N = 2n+ 1
by Proposition 5.5. On the other hand, since N (1 + ϕu˜) ∈ I
+
UN
is an affine generic
element with its simple affine components (2, . . . , 2, 2u˜), we have
ΘπUN
(
N (1 + ϕu˜)
)
=
®
−Kl0;n22nbu(ψ) if N = 2n,
Kl1;n22n+1bu(ψ) if N = 2n+ 1
by Propositions 3.16 and 3.17. Hence we get b = 1 (see, e.g., [Oi18, Proposition
A.3]).
For z ∈ ZGN (q), we have
ΘπUN
(
z/c(z) · N (1 + ϕu˜)
)
= ω′
(
z/c(z)
)
·ΘπUN
(
N (1 + ϕu˜)
)
.
From Proposition 5.5, we get ω′
(
z/c(z)
)
= ω(z). In other words, we have ω′ =
ω1. 
From this proposition and Corollary 5.7, for (ω1, b) ∈ SSC(UN ), we know that
the lift of πUNω1,b to GN (F ) via ξ+1 is given by π
GN
ω,b,(−1)N−1ω1(−1)
. Here we regard
ω1 ∈ (k˜1)∨ as an element of (k˜×/k×)∨ and denote it by ω. Then, by Lemmas
4.5 and 4.6, we also know that the lift of πUNω1,b to GN (F ) via ξ−1 is given by
πGN
ω,b,(−1)Nω1(−1)
.
In summary, we get the following result.
Theorem 5.13 (Main theorem). Let (ω1, b) ∈ SSC(UN ). Then the following hold.
(1) The L-packet containing the simple supercuspidal representation πUNω1,b of
UN (F ) is a singleton. In particular, the character of π
UN
ω1,b is stable.
(2) The endoscopic lift of the simple supercuspidal representation πUNω1,b of UN (F )
to GN (F ) via the L-embedding ξκ is again simple supercuspidal, and given
by πGNω,b,(−1)N−1κω1(−1).
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Remark 5.14. From this result, we know that the L-parameter of πUNω1,b is equal
to that of its endoscopic lift (as representations of WF ). On the other hand, L-
parameters of simple supercuspidal representations of general linear groups have
been determined explicitly by the works [BH05] and [IT15]. Therefore we can get
an explicit description of L-parameters of simple supercuspidal representations of
UN (F ).
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